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Abstract
If (M, g) is a smooth compact rank 1 Riemannian manifold without focal points, it
is shown that the measure µmax of maximal entropy for the geodesic flow is unique. In
this article, we study the statistic properties and prove that this unique measure µmax
is mixing. Stronger conclusion that the geodesic flow on the unit tangent bundle SM
with respect to µmax is Bernoulli is acquired provided M is a compact surface with
genus greater than one and no focal points.
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1 Introduction
The geodesic flow plays a significant role in modern theories of both differential geome-
try and dynamical systems, and, primarily on Riemannian manifolds, has been extensively
studied (cf. [9, 17] for a comprehensive introduction). Moreover, geodesic flows on man-
ifolds with negative/non-positive curvature are attractive subject nowadays with a bunch
of works on the dynamics and ergodic theories done. Among most of these researches, the
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negative/non-positive curvature condition is critical, which contains deep information such
as the convexity of distance function, the structure of fundamental groups, the geometry
and topology of covering spaces, etc, and provides us rich research tools.
A natural generalization of the negatively/non-positively curved manifold is the man-
ifold without focal points, which is similar to the manifolds of non-positive curvature on
many aspects, but allows the existence of some subsets with positive curvature. By relax-
ing the curvature condition, some crucial properties, however, no longer hold, resulting in
obstacles in studying geodesic flows on the manifolds. Benefiting from the latest progress
in geometry and dynamics, we discovered a series of new properties on the dynamics of
their geodesic flows on smooth compact manifolds without focal points recently.
In [11], the entropy-expansiveness of geodesic flows on manifolds without focal points
and surfaces without conjugate points, respectively is shown. In [12], it is discovered that
on a smooth compact rank 1 manifold without focal points the geodesic flow has a unique
measure of maximal entropy. Recently, in [15], with X. Zhu, the first author proved that
the geodesic flow on a compact rank 1 manifold without focal points is transitive. All these
works have built a solid foundation for our work on the mixing and Bernoulli properties of
geodesic flows on compact rank 1 Riemannian manifolds without focal points.
Let (M, g) be a connected compact manifold with a complete Riemannian metric g. For
each point p ∈M and unit tangent vector v ∈ SpM , there is a unique geodesic γv satisfying
the initial conditions γv(0) = p and γ
′
v(0) = v. The geodesic flow φ = (φ
t)t∈R on the unit
tangent bundle SM is defined as:
φt : SM → SM, (p, v) 7→ (γv(t), γ′v(t)), ∀ t ∈ R.
Throughout this paper, we use γv ⊂M to denote the geodesic curve generated by v ∈ SM ,
and (γv, γ
′
v) ⊂ SM to denote the corresponding trajectory of the geodesic flow on SM . We
also use γ′v to denote the trajectory for notational simplicity.
A φ-invariant probability measure µ is called the measure of maximal entropy if the
measure-theoretic entropy hµ(φ) ≥ hν(φ) for any other φ-invariant probability measure
ν. From the variational principle, we know that hµ(φ) = htop(g), where htop(g) is the
topological entropy of the geodesic flow on SM .
The concept of (geometric) rank was first introduced by Ballmann, Brin and Eberlein
in [3]. Given a unit vector v ∈ SM , we define the rank of the vector rank(v) to be
the dimension of the space of parallel Jacobi fields along the geodesic curve γv, and the
rank of the manifold rank(M) := min{rank(v) | v ∈ SM}. From the definition, we can
see rank(γ′(t)) = rank(γ′(0)), ∀ t ∈ R, thus we can define the rank for a geodesic γ as
rank(γ) = rank(γ′(0)). In particular, a rank 1 geodesic is a geodesic with no parallel
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perpendicular Jacobi field, and a rank 1 manifold is a Riemannian manifold admitting a
rank 1 geodesic.
On a rank 1 manifold M , SM splits into two invariant subsets: the regular set Reg :=
{v ∈ SM | rank(v) = 1} and the singular set Sing := SM \Reg. Here Reg is an open subset
of SM . There has been a well-known conjecture since 1980’s that the regular set has full
Liouville volume given the compact rank 1 manifold has non-positive curvature or no focal
points. A positive answer to this conjecture will imply the ergodicity of the geodesic flow
on such manifolds with respect to the Liouville measure. In [14], with W. Wu, the first and
third authors proved the conjecture with a mild condition and showed that the geodesic
flow of a surface without focal points is ergodic with respect to the Liouville measure.
Next we introduce focal points and conjugate points. Let γ be a geodesic on (M, g).
Two points p = γ(t1) and q = γ(t2) on γ are called focal if there is a Jacobi field J
along γ such that J(t1) = 0, J
′(t1) 6= 0 and ddt‖J(t)‖2 |t=t2= 0. We call p = γ(t1) and
q = γ(t2) are conjugate points if there is a non-identically zero Jacobi field J along γ
with J(t1) = J(t2) = 0. A compact Riemannian manifold (M, g) is called a manifold
without focal points/without conjugate points if there is no pair of focal points
/ conjugate points on any geodesic in (M, g). Obviously, a manifold without conjugate
points is also a manifold without focal points. One can also check that a manifold with
non-positive curvature has no focal points. In this sense, the concept of manifolds without
focal / conjugate points is a natural and non-trivial generalization of the manifolds with
non-positive curvature, because it can be constructed that a compact manifold without
focal points whose curvature is not everywhere non-positive (cf. [7]).
In [8], Knieper studied the dynamics of the geodesic flows on a compact rank 1 manifold
with non-positive curvature, and proved the existence, uniqueness, and ergodicity of the
invariant measure of maximal entropy. This result answered Katok’s famous conjecture
on the existence and uniqueness of the measures of maximal entropy on the setting that
the manifold is rank 1 with non-positive curvature (cf. [4]). Recently, the first and third
authors and W. Wu, generalized Knieper’s work and proved the existence, uniqueness, and
ergodicity of the measure of maximal entropy on a compact rank 1 manifolds without focal
points.
Theorem 1.1 (cf. Liu-Wang-Wu [12]). Suppose (M, g) is a smooth compact rank 1 Rieman-
nian manifold without focal points, then the geodesic flow on (M, g) has a unique measure
of maximal entropy µmax.
In this article, we study the statistical properties of µmax and show that it is mixing.
Moreover, when dim(M) = 2, we prove that µmax is also Bernoulli. We organize this paper
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as following: our two main results will be strictly stated in Section 2, and proved in Section
6 and Section 7 respectively. In Section 3, we exhibits some important geometric properties
of rank 1 manifolds without focal points, which will be frequently used in our subsequent
discussion. The measure µmax of maximal entropy will be studied afterwards in Section 4.
In Section 5, the concept of cross ratio will be introduced and discussed.
2 Main results
We present our two main results in this section. First of all, we concern the mixing
property of µmax. Mixing is a basic concept in the statistical theory of dynamical systems.
Let (X,B) be a Borel space, and (T t)t∈R be a flow on X. An invariant probability measure
µ of the flow (T t)t∈R is called mixing if for any two µ measurable sets A,B ⊂ X,
lim
t→∞µ(A ∩ T
t(B)) = µ(A)µ(B).
An equivalent condition of the mixing property is the decay of correlation: for all f ∈
L2(X,µ) with
∫
X fdµ = 0, f ◦ T t converges to 0 in the weak-L2 topology (cf. [19]).
In this article, we prove the following theorem:
Theorem 2.2. The maximal entropy measure µmax in Theorem 1.1 is mixing.
This theorem generalizes M. Ballitot’s classical result in [1], which states that Knieper’s
invariant measure of maximal entropy in [8] for the geodesic flow on a rank 1 manifolds
with non-positive curvature is mixing. A useful tool in proving our theorem is Babillot’s
Lemma 1 in [1]. We cite this lemma here:
Lemma 2.3 (cf. Babillot [1]). Suppose (X,B) is a Borel space, µ is a probability measure
on (X,B), and (T t)t∈R or Z is a dynamical system on X preserving µ. Let f ∈ L2(X,µ)
be a function with 0 µ-average:
∫
fdµ = 0. If f ◦ T t does not converge to 0 in the weak-
L2 topology, then there is a sequence tn → ∞ and a function ψ ∈ L2(X,µ) which is not
µ-almost everywhere constant, such that
f ◦ T tn → ψ & f ◦ T−tn → ψ, n→ +∞,
in the weak-L2 topology.
A measure preserving system (T, µ) on (X,B) is called Bernoulli if it is conjugate to
a Bernoulli shifting. A µ-preserving flow (T t)t∈R is called Bernoulli if (T 1, µ) is Bernoulli.
It is easy to check that Bernoulli implies mixing. Our next theorem shows that when
dim(M) = 2, the measure µmax in Theorem 1.1 is Bernoulli. This is a extension of the
result of Ledrappier, Lima and Sarig in [10].
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Theorem 2.4. For a compact surface with genus greater than 1 and without focal points,
the geodesic flow is Bernoulli with respect to the unique maximal entropy measure µmax in
Theorem 1.1.
3 Some properties of rank 1 manifolds without focal points
In this section, we present some geometric results on rank 1 manifolds without focal
points that will be used throughout the paper.
Let (M, g) be a compact Riemannian manifold and X be the universal covering manifold
of M . Let d be the distance function on X induced by the lifted Riemannian metric g˜ on X.
Suppose h1 and h2 are both geodesics in X. We call h1 and h2 are positively asymptotic
if there is a positive number C > 0 such that
d(h1(t), h2(t)) ≤ C, ∀ t ≥ 0. (3.1)
Similarly, we say h1 and h2 are negatively asymptotic if (3.1) holds for all t ≤ 0. h1
and h2 are said to be biasymptotic if they are both positively asymptotic and negatively
asymptotic. The positive / negative asymptoticity builds an equivalence relation on the
geodesics on X. We denote the equivalent class positively / negatively asymptotic to a
given geodesic γ by γ(+∞) / γ(−∞) respectively, and call these classes points at infinity.
Obviously, we have γv(−∞) = γ−v(+∞). We use X(∞) to denote the set of all points at
infinity, and call it the boundary at infinity.
Now we introduce some notations. Let X = X ∪ X(∞). For each point p ∈ X and
v ∈ SpX, each points x, y ∈ X −{p}, positive numbers  and r, the following notations will
be used:
• γp,x is the geodesic from p to x with γp,x(0) = p.
• ]p(x, y) = ](γ′p,x(0), γ′p,y(0)).
• TC(v, , r) = {q ∈ X | ]p(γv(+∞), q) < } − {q ∈ X | d(p, q) ≤ r}.
The set TC(v, , r) ⊂ X is called the truncated cone with axis v and angle . No hard
to check γv(+∞) ∈ TC(v, , r). The so called cone topology is the unique topology τ on
X such that for each ξ ∈ X(∞) the set of truncated cones containing ξ forms a local basis
for τ at ξ. Under the cone topology, X is homeomorphic to the closed unit ball in Rdim(X),
and X(∞) is homeomorphic to the unit sphere Sdim(X)−1. For more details about the cone
topology, see [6].
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The first proposition in this section is the property of the continuity at infinity.
Proposition 3.1 (cf. Liu-Wang-Wu [12]). Let X be a simply connected manifold without
focal points, the following map is continuous.
Ψ : SX × [−∞,+∞]→ X
(v, t) 7→ γv(t)
The following result was first discovered by Ballmann in [2], and then extended by
Watkins and Liu-Wang-Wu independently.
Proposition 3.2 (cf. Watkins [20]; Liu-Wang-Wu [12]). Let X be a simply connected
manifold without focal points and v ∈ SX be a unit vector with rank(v) = 1. Then for any
 > 0 and a 6= 0, there are neighborhoods U of γv(−∞) and V of γv(+∞) such that for each
pair (ξ, η) ∈ U × Vε, there is a rank 1 geodesic γξ,η connecting ξ and η with γξ,η(−∞) = ξ
and γξ,η(+∞) = η, and d(γv(t), γξ,η) <  for any t between 0 and a.
We state some useful corollary from [12] of the previous properties for further discussion
here:
Proposition 3.3. Under the condition of Proposition 3.2, the following results hold:
1. For each ξ ∈ X(∞), there is a rank 1 geodesic γ+ with γ+(+∞) = ξ and a rank 1
geodesic γ− with γ−(−∞) = ξ.
2. Let γ be a rank 1 geodesic axis of some α ∈ Γ. For any neighborhood U ⊂ X of
γ(−∞) and neighborhood V ⊂ X of γ(+∞), there is a positive integer N such that
αn(X − U) ⊂ V, α−n(X − V ) ⊂ U, ∀ n > N.
3. Γ acts minimally on X(∞), i.e. for any ξ ∈ X(∞), Γξ = X(∞).
Next we will introduce the concepts of Busemann function and horospheres. For each
pair of points (p, q) ∈ X ×X and a point at infinity ξ ∈ X(∞), the function
bp(q, ξ) := lim
t→+∞{d(q, γp,ξ(t))− t},
is called the Busemann function determined by p, q and ξ. Here γp,ξ is the geodesic
ray connecting p to ξ. The level sets of the Busemann function bp(q, ξ) are called the
horospheres centered at ξ. By using the language of horosphere, we are able to define
the stable/unstable manifold for a rank 1 recurrent vector. We denote the horosphere
centering at ξ and passing through γp,ξ(t) by Horξ(γp,ξ(t)).
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Let pi : SX → X be the standard projection sending a tangent vector to its base point.
Define:
Hor+(v) := Horγv(+∞)(pi(v)), and Hor
−(v) := Horγv(−∞)(pi(v)), ∀ v ∈ SX,
and the stable and unstable manifolds for v:
W s(v) := {w ∈ SM | pi(w) ∈ Hor+(v), w ⊥ Hor+(v), γw(+∞) = γv(+∞)},
W u(v) := {w ∈ SM | pi(w) ∈ Hor−(v), w ⊥ Hor−(v), γw(−∞) = γv(−∞)}.
Note that W s/u(v) may not be the standard stable/unstable manifolds of v. Recall the
Knieper metric which is equivalent to the standard Sasaki metric on SM , and the distance
function is
d1(v, w) := max
1≤t≤1
d(γv(t), γw(t)), v, w ∈ SM
One can check that d1(φ
t(v), φt(w)) may not converges to 0 when t→ ±∞ for w ∈W s/u(v)
respectively. The following lemma, however, tells us that if v is a rank 1 recurrent vector,
we have d1(γv(t), γw(t)) → 0 when t → ±∞ for w ∈ W s/u(v) respectively (cf. [12] and
Knieper’s original result on rank 1 manifolds of non-positive curvature [8]).
Lemma 3.4 (cf. [12]). If v ∈ SM is a rank 1 recurrent vector, then for all w ∈W s(v),
d1(φ
t(v), φt(w))→ 0, t→ +∞.
Therefore, for rank 1 recurrent vector v ∈ SM , W s/u(v) are the stable/unstable mani-
folds for v respectively. For more details of the Busemann functions and horosphere, please
refer to [6, 18].
4 Measures of maximal entropy on manifolds without focal
points
In this section, we recall unique maximal entropy measure µmax discussed in [12]. This
result is a variation of Knieper’s work of [8]. The main idea originates from Knieper’s work
[8] and was later extended to rank 1 manifolds without focal points in [12].
We construct the measure of maximal entropy based on the Busemann density:
Definition 4.5. Suppose X is the universal covering of M , where M is a simply connected
Riemannian manifold without conjugate points. Γ ⊂ Iso(X) is the discrete subgroup such
that M = X/Γ. Given a constant r > 0, a family of finite Borel measures {µp}p∈X on
X(∞) is called an r-dimensional Busemann density if
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1. ∀ p, q ∈ X and µp-a.e. ξ ∈ X(∞),
dµq
dµp
(ξ) = e−r·bp(q,ξ).
2. For any Borel set A ⊂ X(∞) and any α ∈ Γ,
µαp(αA) = µp(A).
The existence and uniqueness of the h-dimensional Busemann density are given in [12],
where h = htop(g) is the topological entropy of the geodesic flow on M . The existence is
proven based on the construction of the Patterson-Sullivan measure {µp}p∈X by using the
Poincare´ series, and the uniqueness is proven by showing that Patterson-Sullivan measure
is exactly the unique h-dimensional Busemann density. Moreover, in the same article it is
shown that Supp(µp) = X(∞) for all p ∈ X.
Define a projection map P : SX → X(∞)×X(∞) by P (v) = (γv(−∞), γv(+∞)). Let
IP = P (SX) = {P (v) | v ∈ SX} stand for the subset of pairs in X(∞) ×X(∞) that can
be connected by a geodesic.
Fix a point p ∈ X, we define a Γ-invariant measure µ on IP in the following way:
dµ(ξ, η) = eh·βp(ξ,η)dµp(ξ)dµp(η), (4.2)
Here µp is the Patterson-Sullivan measure on X(∞) discussed in the above, βp(ξ, η) =
−{bp(q, ξ) + bp(q, η)} is the Gromov product, and q is an arbitrary point on the geodesic
γ connecting ξ and η. One can check that the function βp(ξ, η) does not depend on the
choice of γ or q. In geometric language, the Gromov product βp(ξ, η) is the length of the
part of the geodesic γξ,η between the horospheres Horξ(p) and Horη(p).
This Γ-invariant measure µ on IP induces a φ-invariant measure µ on SX by
µ(A) =
∫
IP
Vol{pi(P−1(ξ, η) ∩A)}dµ(ξ, η), (4.3)
for any Borel set A ⊂ SX. Here pi : SX → X is the standard projection map and Vol
is the induced volume form on pi(P−1(ξ, η)). From the definition of P , we know that
P−1(ξ, η) = ∅ if there is no geodesic connecting ξ and η. When there are more than one
geodesics connecting ξ and η with one geodesic having rank k ≥ 1, we know that all these
geodesics have rank k by the flat strip theorem, which implies that P−1(ξ, η) is the k-flat
sub-manifold connecting ξ and η consisting all rank k geodesics between these two points.
Particularly in the case k = 1, P−1(ξ, η) is exactly the rank 1 (thus unique) geodesic
connecting ξ and η.
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Following the above discussion we can conclude that for any Borel set A ⊂ SX and
t ∈ R, Vol{pi(P−1(ξ, η) ∩ φtA)} = Vol{pi(P−1(ξ, η) ∩ A)}. Therefore µ is both Γ-invariant
and φ-invariant.
The Γ-invariance implies that µ can be projected to a finite φ-invariant measure on SM .
We may use µ to denote this projected measure later for notation simplicity. Note that µ
is a finite measure, we can normalized it to a probability measure. Thus we can assume µ
is a probability measure throughout the paper. Furthermore in [12], we show that µ is the
unique maximal invariant measure of the geodesic flow and denote it by µmax.
The measure µ is usually called the geodesic current associated to µmax (cf. [1]). Since
µmax is supported on the regular set Reg (cf. [12]), the geodesic current µ is a Γ-invariant
ergodic measure supported on
R := {(ξ, η) ∈ X(∞)×X(∞) | (ξ, η) = P (v), for some v ∈ Reg}.
So R is a µ-fully measure set in X(∞) × X(∞). Moreover, from the expression of the
geodesic current µ (see (4.2)), we know that it is equivalent to µp ⊗ µp, where µp is the
Patterson-Sullivan measure for some p ∈ X, which has full support on X(∞).
5 The cross ratio
For any ξ, η ∈ X(∞), let γξ,η be the connecting geodesic with γξ,η(−∞) = ξ and
γξ,η(+∞) = η. For ξ, η, ξ′, η′ ∈ X(∞), two rank 1 connecting geodesics γξ,η and γξ′,η′ are
called a quadrilateral Quad(ξ, η, ξ′, η′), if there exist two rank 1 connecting geodesics γξ,η′
and γξ′,η. Proposition 3.2 implies that the set Q of quadrilaterals is an open neighborhood
of the diagonal R×R, where R is the space of oriented non-parameterized rank 1 geodesics.
Proposition 5.6. Let X be a simply rank 1 manifold without focal points. For a quadri-
lateral Quad(ξ, η, ξ′, η′), let {pn}∞n=1, {qn}∞n=1, {p′n}∞n=1 and {q′n}∞n=1 be sequences of points
in X that converging to ξ, η, ξ′ and η′ respectively. Define
Cr(pn, qn, p
′
n, q
′
n) = d(pn, qn) + d(p
′
n, q
′
n)− d(pn, q′n)− d(p′n, qn).
One can check limn→∞Cr(pn, qn, p′n, q′n) exists and is independent of the choices of se-
quences, which allows us to define Cr(ξ, η, ξ′, η′) as this limit.
Proof. Denote the four horospheres centered at ξ, η, ξ′ and η′ by Horξ, Horη, Horξ′ and
Horη′ , and the corresponding horoballs by Horξ, Horη, Horξ′ and Horη′ respectively. Let
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X0 = X−{Horξ∪Horη∪Horξ′∪Horη′}. Choose Horξ, Horη, Horξ′ and Horη′ to be pairwise
disjoint, thus
γξ,η ∩X0, γξ′,η′ ∩X0, γξ,η′ ∩X0, γξ′,η ∩X0
consists of four geodesic segments with the lengths d1, d2, d3 and d4, respectively. We want
to show that the limit above is equal to d1 + d2 − d3 − d4.
First, for any two geodesics γ1 and γ2 with γ1(+∞) = γ2(+∞) := ζ, and any two
horospheres Hor1ζ and Hor
2
ζ centered at ζ, using the fact that the Hor
1
ζ and Hor
2
ζ are the
level sets of Busemann function b·(·, ζ), we can see that the lengths of the segments of γ1
and γ2 between two horospheres are equal, implying that the number d1 + d2 − d3 − d4 is
independent of the choice of the horospheres.
Next we will show that the four bi-infinite connecting geodesics γpn,qn , γp′n,q′n , γpn,q′n and
γp′n,qn converge to the geodesics γξ,η, γξ′,η′ , γξ,η′ and γξ′,η, respectively, with the topology
induced by the Hausdorff metric of compact sets. For this purpose, we fix a point p in
γξ,η and parametrize this geodesic by setting p = γξ,η(0) . Since pn → ξ, passing to a
subsequence if necessary, we can assume that for each n ∈ N, pn ∈ TC(−γ′ξ,η(0), 1n , n),
where TC(−γ′ξ,η(0), 1n , n) is the truncated cone. That is to say that the angle between the
two geodesics γp,ξ and γp,pn at p is smaller than
1
n while the distance between p and pn is
greater than n. If γpn,qn does not converge to γξ,η, passing to a subsequence if necessary,
we can find at least one point x in the geodesic γpn,qn and a number r > 0 such that
d(x, γpn,qn) ≥ r, n ∈ N.
Without loss of generality, we can assume that x = p. We consider the following two cases:
• Case I {d(p, γpn,qn)}∞n=1 is bounded from above by some constant R:
r ≤ d(p, γpn,qn) ≤ R, n ∈ N.
We choose the parametrization of γpn,qn such that d(p, γpn,qn(0)) = d(p, γpn,qn). Passing
to a subsequence if necessary, we can assume v = limn→+∞ γ′pn,qn(0). Then v 6= γ′p,ξ(t) for
all t ∈ R. By Proposition 3.1, we have
γv(+∞) = γp,ξ(+∞) = ξ, γv(−∞) = γp,ξ(−∞) = η.
Thus by the famous flat strip theorem (the no focal points version, cf. [16]), γv and γp,ξ
bound a flat strip, implying the rank of the geodesic γp,ξ is greater than 1, which contradicts
to the assumption that γξ,η is a rank one geodesic.
• Case II {d(p, γpn,qn)}∞n=1 is unbounded.
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By the parametrization p = γξ,η(0), the two geodesics γξ,η and γp,ξ actually coincide.
We can choose xn, yn ∈ γξ,η for each n ∈ N such that
d(pn, xn) = d(pn, γξ,η), d(qn, yn) = d(qn, γξ,η).
Let bn : [0, 1]→ X be a smooth curve connecting xn and pn with bn(0) = xn and bn(1) = pn,
and ]p(ξ, bn(s)) increases as s growing up. Similarly, let cn : [0, 1]→ X be a smooth curve
connecting yn and qn with cn(0) = yn and cn(1) = qk, and ]p(η, cn(s)) increases as s
growing up. Let γn,s be the unique geodesic connecting cn(s) and bn(s) for each s ∈ [0, 1],
with the parametrization such that γn,0(0) = p and γn,s(0) is a smooth curve with respect
to s.
We can find some sn ∈ (0, 1] such that d(p, γn,sn(0)) = r > 0 because d(p, γn(0)) =
d(p, γn,1(0)) ≥ r and d(p, p) = d(p, γn,0(0)) = 0. Without loss of generality we can assume
that limn→+∞ γ′n,sn(0) = v∞ ∈ SX. We have d(p, pi(v∞)) = r > 0. Then it’s easy to show
that
d(bn(sn), p)→ +∞, d(cn(sn), p)→ +∞.
Then by the fact
max{]p(ξ, bn(sn)), ]p(η, cn(sn))} ≤ 1
n
.
we get
lim
n→+∞ bn(sn) = ξ, limn→+∞ cn(sn) = η.
Proposition 3.1 leads to
γv∞(+∞) = lim
n→+∞ γn,sn(+∞) = limn→+∞ bn(sn) = ξ,
γv∞(−∞) = lim
n→+∞ γn,sn(−∞) = limn→+∞ cn(sn) = η.
Given X is a manifold without focal points, bn(sn) and cn(sn) cannot be on geodesic γξ,η
simultaneously. Thus for all t ∈ R, v∞ 6= γ′ξ,η(t). We can conclude that γv and γv∞ bound
a flat strip, contradicting the assumption that γξ,η is a rank 1 geodesic.
We have proved that the four sequences of geodesics γpn,qn , γp′n,q′n , γpn,q′n and γp′n,qn
converge to the geodesics γξ,η, γξ′,η′ , γξ,η′ and γξ′,η, respectively. Thus the infinite end
points of these geodesics γpn,qn , γp′n,q′n , γpn,q′n and γp′n,qn also converge to the corresponding
end points of geodesics γξ,η, γξ′,η′ , γξ,η′ and γξ′,η. From Proposition 3.2, we know that the
four segments of γpn,qn , γp′n,q′n , γpn,q′n and γp′n,qn intersected with X0 converge to the four
segments of γξ,η, γξ′,η′ , γξ,η′ and γξ′,η intersected with X0, respectively. Write d
n
1 , d
n
2 , d
n
3
and dn4 to be the lengths of the four segments of γpn,qn , γp′n,q′n , γpn,q′n and γp′n,qn intersected
with X0, the only thing left we need to show is that limn→∞ dni = di, i = 1, 2, 3, 4.
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Let An (resp. A) be the intersection point of geodesic γpn,qn (resp. γξ,η) with the
horosphere Horξ. On the manifolds without focal points, the horospheres Horξ depends
continuously on the center ξ (cf. Ruggiero [18]), implying An → A. Thus, dn1 → d1, so with
the other three convergences.
We call this limit the cross ratio of the quadrilateral and denoted the quantity by
Cr(ξ, η, ξ′, η′). The continuity of the cross ratio follows the continuity of the horospheres
with respect to their centers:
Corollary 5.7. Let X be a simply rank 1 manifold without focal points, then the cross ratio
is a continuous function on Q.
By the triangle inequality, the following proposition is straightforward:
Proposition 5.8. The cross ratio is strictly positive if the quadrilateral underneath defined
by two intersecting rank 1 geodesics.
The following pictures give a geometric explanation of the cross ratio. Consider a
quadrilateral Quad(ξ, η, ξ′, η′). Connect each pair (ξ, η), (ξ, η′), (ξ′, η), (ξ′, η′) by rank 1
geodesics, denoted by γξ,η, γξ,η′ , γξ′,η, γξ′,η′ , respectively. Take a tangent vector v0 on γξ,η
pointing to the positive direction of γξ,η. Let v1 = W
s(v0) ∩ (γξ′,η(t), γ′ξ′,η(t))t∈R. Obvi-
ously the foot point of v1 is the intersection of γξ′,η and Hor
+(v0). Similarly, take v2 =
W u(v1)∩(γξ′,η′(t), γ′ξ′,η′(t))t∈R, whose foot point is exactly the intersection point of Hor−(v1)
and γξ′,η′ . Take v3 = W
s(v2) ∩ (γξ,η′(t), γ′ξ,η′(t))t∈R and v4 = W u(v3) ∩ (γξ,η(t), γ′ξ,η(t))t∈R.
Therefore v4 = φ
τ (v0) for some τ ∈ R. One can check that τ , indicated as the green seg-
ment, is independent of the choice of v0 and is exactly the cross ratio Cr(ξ, η, ξ
′, η′) (cf. [1]).
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Consider a bounded measurable function f : SX → R. We say f is Ws invariant
if there is a full µmax measure subset U ⊂ SX, such that for all v, w ∈ U , w ∈ W s(v),
f(v) = f(w). Similarly we can define the W u invariant functions. A Ws,u invariant
function is both W u and W s invariant. The following lemma states that if f is W s,u
invariant and continuous on µ-almost every trajectory, then it is a periodic function on
µ-almost every trajectory.
Lemma 5.9. If a measurable function f : SX → R is W s,u invariant and continuous on
µ-almost every trajectory, then f is periodic on µ-almost every trajectory of the geodesic
flow.
Proof. Let U ⊂ SX be the set of rank 1 vectors such that ∀v ∈ U , f(v) = f(w) for all
w ∈ W u(v) or w ∈ W s(v). Given f is W s,u invariant, the following set is a µ-full measure
set in X(∞)×X(∞):
E = {(ξ, η) ∈ R | γ′ξ,η(t) ∈ U, ∀ t ∈ R}.
For each (ξ, η) ∈ E, take ξ′, η′ ∈ X(∞) such that (ξ, η′), (ξ′, η), (ξ′, η′) ∈ E. By the
product structure of µ, the set of such elements (ξ, η) ∈ E is a µ-full measure set. Let v0
be a tangent vector on γξ,η pointing to the positive direction of γξ,η (i.e. v0 ∈ (γ′ξ,η(t))t∈R).
Apply the procedure of the geometric construction of the cross ratio above, we can see
f(v1) = f(v0) as v1 ∈W s(v0) ∩ E. Similarly, we have
f(v4) = f(v3) = f(v2) = f(v1).
Therefore f(v0) = f(v4), which implies that f(v) = f(φ
τ (v)) where τ = Cr(ξ, η, ξ′, η′),
for all v ∈ (γ′ξ,η(t))t∈R. Thus, the cross ratio Cr(ξ, η, ξ′, η′) is a period of the function
t→ f(γ′ξ,η(t)). It follows that f is periodic on almost all trajectories.
6 The proof of the mixing property
In this section, we give the proof of Theorem 2.2. This proof is inspired by M. Babillot’s
work in [1] and G. Knieper’s work in [8].
Proof of Theorem 2.2. As we showed in [12], the geodesic flow is ergodic with respect to
the unique maximal entropy measure µmax, with the regular set Reg being a full measure
set. We will prove µmax is mixing by contradiction.
Assume µmax is not mixing, there exists a continuous function f : SM → R with∫
fdµmax = 0 but f ◦φt doesn’t converge to 0 in the weak L2-topology (cf. [1]). By Lemma
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2.3, there is a function ψ ∈ L2(SM,µmax) which is not µmax-almost everywhere constant,
and a sequence numbers {sn} approaching to positive infinity such that under the weak
L2-topology: f ◦ φsn → ψ and f ◦ φ−sn → ψ.
Then, by the Banach-Saks Theorem, there are sub-sequences {snj} and {s′nj} approach-
ing to positive infinity, such that the Cesaro averages
ψ+k (v) :=
1
k
k∑
j=1
f(φsnj ) & ψ−k (v) :=
1
k
k∑
j=1
f(φ
−s′nj )
approach to φ, µmax almost surely.
Let ψ+ = lim supk→∞ ψ
+
k and ψ
− = lim supk→∞ ψ
−
k . We have
ψ(v) = ψ+(v) = ψ−(v), for µmax a.e. v ∈ SM.
Moreover, ψ+(u) = ψ+(v) when u, v ∈ SM are positively asymptotic; and ψ−(u) = ψ−(v)
when u, v are negatively asymptotic.
Now let ψ˜, ψ˜+ and ψ˜− on SX denote the lifting of ψ, ψ+ and ψ−. We can see the
above properties also hold for the lifted functions. Note that ψ cannot be almost everywhere
constant on almost all trajectories, otherwise by the ergodicity of µmax, ψ is in fact almost
everywhere constant, contradicting to our assumption. Neither is ψ˜.
Smoothen ψ˜ by considering ψ˜∗(v) :=
∫ ε
0 ψ˜(φ
t)dt for some ε > 0. The function ψ˜∗ is
continuous along trajectories. In addition, by taking ε > 0 small enough, we can make sure
that ψ˜∗ is not constant on almost all trajectories. We apply this procedure to ψ˜+ and ψ˜−
with the same ε too to get ψ˜∗+ and ψ˜∗− respectively. Then the following properties hold:
1. ψ˜∗, ψ˜∗+ and ψ˜∗− are Γ-invariant functions on SX.
2. ψ˜∗(v) = ψ˜∗+(v) = ψ˜∗−(v) for µmax almost every v ∈ SX;
3. If u, v ∈ SX are positively asymptotic, then ψ˜∗+(u) = ψ˜∗+(v). If u, v ∈ SX are
negatively asymptotic, then ψ˜∗−(u) = ψ˜∗−(v).
Here as we have indicated before, we use µmax to denote the lifting of µmax on SX. Since ψ˜
∗,
ψ˜∗+ and ψ˜∗− are continuous on each trajectory, ψ˜∗ = ψ˜∗+ = ψ˜∗− on almost all trajectories.
Now, take an arbitrary rank 1 axis c of some non-elementary α ∈ Γ. By Proposition 3.2,
we have an open neighborhood U ⊂ X(∞) of c(−∞) and an open neighborhood V ⊂ X(∞)
of c(+∞), such that for any ξ ∈ U and η ∈ V there is a unique rank 1 geodesic γξ,η with
γξ,η(−∞) = ξ and γξ,η(+∞) = η. Fix U and V , let
G(U, V ) = {c | c is a geodesic with c(−∞) ∈ U and c(+∞) ∈ V },
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Grec(U, V ) = {c ∈ G(U, V ) | c′ is recurrent},
and
G˜rec(U, V ) = {c ∈ Grec(U, V ) | ψ˜∗(v) = ψ˜∗+(v) = ψ˜∗−(v) on c}.
Here we say v ∈ SX is recurrent if v is a lifting vector of a recurrent vector in SM under
the geodesic flow (or equivalently, there exist sequences sn → +∞ and {αn} ⊂ Γ with
αn(φ
sn(v))→ v as n→ +∞).
Similarly, let
G′(U, V ) = {c′(t) | c ∈ G(U, V ), t ∈ R},
G′rec(U, V ) = {c′(t) | c ∈ Grec(U, V ), t ∈ R}
and
G˜′rec(U, V ) = {c′(t) | c ∈ G˜rec(U, V ), t ∈ R}.
By Poincare´ recurrence theorem, we know
µmax(G′(U, V ) \ G′rec(U, V )) = 0.
Also, as we discussed earlier, we have
µmax(G′(U, V ) \ G˜′rec(U, V )) = 0.
Lemma 6.10. For µp almost all ξ ∈ U the set
Gξ := {η ∈ V | ∃ c ∈ G˜rec(U, V ) with η = c(−∞)}
is a µp-full measure set in V . Here µp is the Patterson-Sullivan measure on X(∞).
Proof. Let E ′ = G′rec(U, V ) \ G˜′rec(U, V ), we have µmax(E ′) = 0. For each ξ ∈ U , denote
Gcoξ = V \Gξ. From the construction of µmax (see (4.3)), we have
0 = µ(E ′) =
∫
P (E ′)
Vol(pi ◦ P−1(ξ, η) ∩ E ′)ehβp(ξ,η)dµp(ξ)dµp(η)
≥
∫
ξ∈U, η∈Gcoξ
dµp(ξ)dµp(η) =
∫
ξ∈U
(∫
Gcoξ
dµp(η)
)
dµp(ξ).
Therefore, ∫
ξ∈U
(
∫
Gcoξ
dµp(η))dµp(ξ) = 0.
This implies that for µp-a.e. ξ ∈ U , µp(Gcoξ ) = 0. Thus, µp(Gξ) = µp(V ) for µp-
a.e. ξ ∈ U .
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Based on lemma 6.10, we have
Lemma 6.11. ψ˜∗ is periodic on almost all trajectories in G˜′rec(U, V ).
Proof. Take a geodesic c ∈ G˜rec(U, V ) with c(−∞) = ξ and c(+∞) = η with µp(V \Gξ) = 0.
By Lemma 6.10, µp-almost all c ∈ G˜rec(U, V ) fulfills this requirement. Take arbitrary
ξ′, η′ ∈ X(∞) such that
γξ,η′ , γξ′,η, γξ′,η′ ∈ G˜rec(U, V ).
The existence of ξ′, η′ are also guaranteed by Lemma 6.10.
Let v0 be a tangent vector on γξ,η pointing to the positive direction of γξ,η (i.e. v0 ∈
(γ′ξ,η(t))t∈R). Recall the procedure of the geometric construction of the cross ratio, as
reasoned in Lemma 5.9, we have that
ψ˜∗(v1) = ψ˜∗+(v1) = ψ˜∗+(v0) = ψ˜∗(v0),
since v1 ∈W s(v0) and v0 is a recurrent vector.
Similarly, we have
ψ˜∗(v4) = ψ˜∗(v3) = ψ˜∗(v2) = ψ˜∗(v1).
Therefore ψ˜∗(v0) = ψ˜∗(v4), leading to ψ˜∗(v) = ψ˜∗(φT (v)) where T = Cr(ξ, η, ξ′, η′) is the
cross ratio, for all v ∈ (c′(t))t∈R. Thus Cr(ξ, η, ξ′, η′) is a period of the function t 7→ ψ˜∗(c′(t))
on the trajectory (c, c′), implying that ψ˜∗ is periodic on it.
Note that in this proof, we showed that in fact the cross ratio is a period of ψ˜∗ on the
corresponding trajectory. This observation plays a key point in our next argument.
Lemma 6.12. ψ˜∗ is constant on almost all trajectories in G˜′rec(U, V ).
Proof. Take a geodesic c ∈ G˜rec(U, V ) with c(−∞) = ξ and c(+∞) = η such that µp(V \
Gξ) = 0. This property holds for µp-almost all c ∈ G˜rec(U, V ). From the definition, we
have Cr(ξ, ξ, η, η) = 0. By Lemma 6.10 and the construction of µp, we can find sequences
ξn → ξ ∈ U and ηn → η ∈ V with γξn,ηn , γξ,ηn , γξn,η ∈ G˜rec(U, V ). Moreover, we can also
require that each geodesic γξn,ηn intersects c.
Proposition 5.8 implies that Cr(ξ, ξn, η, ηn) is strictly positive for all n ∈ Z+. Using the
continuity of the cross ratio (Corollary 5.7), we can conclude
Cr(ξ, ξn, η, ηn)→ Cr(ξ, ξ, η, η) = 0 as n→ +∞.
Thus these cross ratios as the positive period of ψ˜∗ on (c, c′) can be arbitrarily small,
implying ψ˜∗ is constant on (c, c′) from the continuity of ψ˜∗ on this trajectory.
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Come back to the proof that µmax is mixing. Let
V˜ = {η ∈ V | ∃ c ∈ G˜rec(U, V ), c(+∞) = η, µp(Gc(−∞)) = µp(V )}.
One can check that µp(V˜ ) = µp(V ). And if c, γ ∈ G˜rec(U, V ) are two geodesics with
c(+∞)=γ(+∞), ψ˜∗ is constant on (c, c′) implies it is also constant on (γ, γ′), and vice verse.
Let
Y =
⋃
α∈Γ
α(V˜ ).
By Proposition 3.3, µp(X(∞) \ Y ) = 0. So Z := {c′(t) | c(−∞) ∈ Y, t ∈ R} is a µmax
full measure set in SX. This implies that ψ˜∗ is constant on almost all trajectories in SX.
By the Γ-invariance of ψ˜∗ and the ergodicity of φt with respect to µmax, ψ˜∗ is constant
µmax-almost everywhere on SX, which contradicts to our assumption.
To summarize, the geodesic flow φt is mixing with respect to µmax the measure of
maximal entropy. We complete the proof of Theorem 2.2.
7 The Bernoulli property
In this section, we give a brief proof to our Theorem 2.4.
Proof of Theorem 2.4. Given a compact surface, the sectional curvature at each point is the
Gauss curvature. The Gauss-Bonnet formula suggests a region with all sectional curvatures
be negative in it, provided that the surface has no focal points and its genus is greater than
1. In the region, the surface admits rank 1 geodesics, thus is a rank 1 surface. We can say
the geodesic flows on it has a unique maximal entropy measure µmax from theorem 1.1.
On the other hand, we know that the fundamental group of a compact surface with
genus greater than 1 has exponential growth rate. The famous Dinaburg Theorem (cf. [5])
ensures that the topological entropy of geodesic flow is positive, as well as the maximal
measure entropy. In fact, in [13], we generalized Dinaburg Theorem from geodesic flows to
more general autonomous Lagrangian systems. And in [12], we show that µmax is an ergodic
measure with full mass on the rank 1 set (also called the regular set). Then by Theorem 1.2
of [10], the geodesic flow is Bernoulli with respect to the unique maximal entropy measure.
This wraps up the proof of Theorem 2.4.
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